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!"#'()*

❑ !"#$𝑐%&'(𝜔!)*+𝑗%,-(𝑗 = 1, 2, ⋯ ,
𝑐(𝐱)*&./01%&'23456789。

❑ :;<=%>?@ABCDE𝑝(𝐱|𝜔!)F

❑ GHIJ=

𝑝 𝐱 =.
!"#

$

𝑝 𝐱 𝜔! ⋅ 𝑃 𝜔!

❑ KL@A=MNO1%5PQ

𝑃 𝜔! 𝐱 =
𝑝 𝐱 𝜔! ⋅ 𝑃 𝜔!

𝑝 𝐱
R=KL@A STU:;<VWL@AXYGHIJ
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!"#'()*

❑ 9:';<=>?@𝑐 = 2A
B CDE𝐱FG;𝜔!HI&'JK1+,;L
𝑃 error 𝐱 = 𝑃 𝜔" 𝐱 = 1 − 𝑃(𝜔!|𝐱)

B CDE𝐱FG;𝜔"HI&'JK1+,;L
𝑃 error 𝐱 = 𝑃 𝜔! 𝐱 = 1 − 𝑃 𝜔" 𝐱

❑ #$%MNOPQ4JK+,
R𝑃 𝜔" 𝐱 > 𝑃(𝜔!|𝐱)HFG;𝜔"HSIFG;
𝜔!TUVL

𝑃(error|𝐱) = min 𝑃 𝜔" 𝐱 , 𝑃(𝜔!|𝐱)
❑ W'XYZPQ4JK+,1FG'[O

𝜔∗ = argmax
$
𝑃 𝜔$ 𝐱
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!"#'()*

❑ !"#$%&{w1, w2,…, wc}'()*c+,-./{a1, a2,…, 
aa}01()*a23456*!"./l(ai | wj)01,-78
wj956!"ai*#$:

❑ ;<=>?@A𝐱B56!"𝛼! , 𝑖 = 1, 2,⋯ , 𝑎/*CD#$%

𝑅(𝛼!|𝐱) =.
"#$

%

𝜆(𝛼!|𝜔")𝑃(𝜔"|𝐱)

❑ E#$'𝐱FGHCD#$*EI/J%

𝑅 = 2𝑅 𝛼 𝐱 |𝐱 𝑝 𝐱 𝑑𝐱

KH𝛼 𝐱 01L>𝐱M56*!":
❑ NOP𝑅 ⇔NOPQR+𝑅(𝛼 𝐱 |𝐱)/JL>QR+𝐱/STU

𝑅(𝛼!|𝐱)NO*𝛼! !NOPV*E#$𝑅W'XYZ#$/[\
3]^*N_`a:
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!"#'()*

❑&Z[\]%5^_`abcd
lij = l(ai | wj)=%efwjghijkailmn5op

>?^_q

R(a1 | x) = l11P(w1 | x) + l12P(w2 | x)

R(a2 | x) = l21P(w1 | x) + l22P(w2 | x)

rs^_5tuvQ=
wx𝑅 𝛼! 𝐱 < 𝑅 𝛼" 𝐱 (Qhijka1F
𝑅 𝛼! 𝐱 < 𝑅 𝛼" 𝐱
⟺ 𝜆"! − 𝜆!! 𝑝 𝐱 𝜔! 𝑃 𝜔! > (

)
𝜆!" −

𝜆"" 𝑝 𝐱 𝜔" 𝑃 𝜔"
⟺ #(𝐱|'&)

#(𝐱|'')
> )&'*)''

)'&*)&&
. +('')
+('&)

y:;z{
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!"#'()*

❑ !"#$%&'()*+,-./'00-1123456789!"#
':;<=>?!"'()$%&

𝜆(𝛼!|𝜔") = ,0 𝑖 = 𝑗
1 𝑖 ≠ 𝑗 𝑖, 𝑗 = 1, . . . , 𝑐

@A𝛼! BC0DE)FG𝜔!3HI67JK89>?()$%'L&M

𝑅(𝛼!|𝐱) =7
"#$

%

𝜆(𝛼!|𝜔")𝑃(𝜔"|𝐱)

=7
"&!

𝑃(𝜔"|𝐱) = 1 − 𝑃(𝜔!|𝐱)

!"#89:;>?!"#()$%&':;7NO!P#QRL&

P(wi | x)7S*

T=P(wi | x) ≥ P(wj | x)7"j ¹ i7UVxDEGwiH
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!"#'()*

❑ tu|q}
%!"&%""
%"!&%!!

. '()")
'()!)

= 𝜃%(Q

~:;z
+(𝐱|)!)
+(𝐱|)")

> 𝜃%l(��𝐱5%ef𝜔#F

❑ wx𝜆�����op�DE(R𝜆 = 0 1
1 0 (Q𝜃% =

'()")
'()!)

y�f𝜃.{F

�Qtu|��^_��(�w

~𝜆 = 0 1.2
1 0 l( 𝜃% =

#.0'()")
'()!)

y�f𝜃1{F
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!,#$%-./0123456
78

❑+,-./0
❑!"#/0
❑12+,3
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4567/0

❑ &bXYZN_c,def
– P(wi) ghijkl
– p(x|wi) (,CDjkmn)

opq/rstuvw9xyzp{|:

}~���&bc,dB/����^=hijk/����
�����b,CDjkmn/@-\�@AFG�u��B:

�jkmn5��uP*�u��B/>�*jkmn�b�
��'�u�b��:

�R+��*𝑑��8mn'�%

𝑝(𝐱) =
1

(2𝜋)(/* 𝚺 $/* exp −
1
2
(𝐱 − 𝛍)+𝚺,$(𝐱 − 𝛍)

'���bKmn/e>KH�u𝛍� ¡¢£¤¥𝚺�¦§¨
©ª¤«!�b:¬�u£­𝑑*®§¯°:
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4567/0

❑ ���E����=`�:;����MNO���F�
����x�����(���� ¡¢£=

¤ `�:;���¥0���E¦f§��¨©(�ª`
�b234«¬­®5@A¯�`°�E

¤ MNO���¥0���E±²�³´.�µ©WL@
A1¶5�·¸9(�¹º»H2345«¬­®¼/
½¾¯¿1¶
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4567/088+,-./09

❑ `�:;��

¤ �À«¬­®Á9Â�lÃÄÅxÆ

¤ ��z¿Ç��ÈfÉÊ

❑ `�:;��5Ë®ÌÍ=
ÎÏ=!"ÐÑ cÒ%e(f)Ó�Ô(�

p(x | wj) º p (x | wj, qj)(j = 1, …, cF

»Hµ 5«¬­®Õ���E89q = (q1, q2, …, qc)(¿
Öqi(i = 1, 2, …, c�+c%5�E89F
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4567/088+,-./09

❑ "«¬×D\ ÕØ.%5nÒ­®x1, x2,…, xn(wx!"
ÙÚ­®�ÛÜ5(Q

𝑝 𝐷 𝛉 =8
2"#

3

𝑝(𝐱2 𝛉

fÉbKÝÞß(àáÖ%,âãäF𝑝 𝐷 𝛉 âåfæ�
EH×ç�E89𝛉5:;DEF

❑ �E89𝛉5`�:;��(è�`�b𝑝 𝐷 𝛉 5𝛉i<(
�f9𝛉F¿éê�ëì`³´2345«¬­®5𝛉F
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4567/088+,-./09

❑ N_�b
± &𝛉*�u'𝑝/Jq = (q1, q2, …, qp)T/Ñq'²9*³n´µ

𝛻𝛉 =
𝜕
𝜕𝜃$

,
𝜕
𝜕𝜃*

, . . . ,
𝜕
𝜕𝜃.

+

± ¶·>u¸¹�u
𝑙(𝛉) = ln 𝑝 (𝐷|𝛉)

± ºNs¸¹�b��»¼'%½NsP>u¸¹�ul(q)*�
uq

F𝛉 = argmax
𝛉
𝑙(𝛉) = argmax

𝛉
.
/#$

0

ln 𝑝 (𝐱/|𝛉)

¾¬

𝛻𝛉𝑙(𝛉) = .
/#$

0

𝛻𝛉 ln 𝑝 (𝐱/|𝛉)

N_¿*ÀfCD%𝛻𝛉𝑙 𝛉 = 𝟎
17



4567/088+,-./09

❑ í/Ò6îïðf�=ñòóôBCÖµ¨©gSµ©(q = µ)(
0��BCDEfp(xk | µ) ~ N(µ, S)(Q

ln 𝑝 (𝐱2|𝛍) = −
1
2
ln (2𝜋)4 ∑ −

1
2
(𝐱2 − 𝛍)5∑&#(𝐱2 − 𝛍)

g 𝛻𝛍 ln 𝑝 (𝐱2|𝛍) = ∑&#(𝐱2 − 𝛍)
Iõ(µ5`�:;��ö÷øù=

.
2"#

3

𝚺&# (𝐱2 − B𝛍) = 𝟎

�úûü∑ýþÍÿ=

B𝛍 =
1
𝑛
.
2"#

3

𝐱2

R𝛍5`�:;��f«¬­®!<F
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4567/088+,-./09

❑ ÁRÂ*vwÃÄ�8cÅHµIS ÆÇ
ÈÉ�Ê£vw!q = (q1, q2) = (µ, s2)

𝑙'(𝛉) = ln 𝑝 (𝑥'|𝛉) = −
1
2
ln 2𝜋𝜃( −

1
2𝜃(

(𝑥' − 𝜃$)(

𝛻𝛉𝑙'(𝛉) =

𝜕
𝜕𝜃$

(ln 𝑝 (𝑥'|𝜃))

𝜕
𝜕𝜃(

(ln 𝑝 (𝑥'|𝜃))
=

1
𝜃(
(𝑥' − 𝜃$)

−
1
2𝜃(

+
(𝑥' − 𝜃$)(

2𝜃((

ËÌ~���*>u¸¹�u*Í¡CD%

3
'#$

*
1
4𝜃(

𝑥' − 4𝜃$ = 0 (1)

−3
'#$

*
1
4𝜃(
+3

'#$

*
(𝑥' − 4𝜃$)(

4𝜃((
= 0 (2)

¿^! 𝜇̂ = $
*
∑'#$* 𝑥' = 𝑥̄; ;𝜎( = $

*
∑'#$* (𝑥' − 𝑥̄)(
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4567/088+,-./09

❑ "#�:;�� E𝜎0� $��9(I=

𝐸 E𝜎0 = 𝐸
1
𝑛
.
2"#

3

(𝑥2 − 𝑥̄)0 =
𝑛 − 1
𝑛

𝜎0 ≠ 𝜎0

%�&'(S5)$��9=

9∑ =
1

𝑛 − 1
.
2"#

3

(𝐱2 − B𝛍)(𝐱2 − B𝛍)5

样本协方差矩阵
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4567/088!"#/09

❑ MNO��=0���Eqâ¦f�·¸9(�KL@A
BCp(q | D)Õ��q*+g,ÿ𝑝(𝐱|𝜔, 𝐷)U𝐷f./%e5«
¬EHX

❑ íÊ¸9óô1¶f�=p(µ | D)(µ�-/5¨©�E
𝑝 𝑥 𝜇 ~ 𝑁 𝜇, 𝜎0 , 𝑝(𝜇) ~ 𝑁(𝜇7, 𝜎70)

U𝜇7, 𝜎7, �𝜎!µ©X

𝑝 𝜇 𝐷 =
𝑝 𝐷 𝜇 𝑝 𝜇

∫𝑝 𝐷 𝜇 𝑝 𝜇 𝑑𝜇
= 𝛼8

2"#

3

𝑝 𝑥2 𝜇 𝑝 𝜇

.nBCDE=𝑝(𝜇|𝐷)~𝑁(𝜇3, 𝜎30)

¿Ö𝜇3 =
38#"

38#"98"
𝜇̂3 +

8"

38#"98"
𝜇7 (𝜇̂3 =

#
3
∑2"#3 𝑥2)

𝜎30 =
8#"8"

38#"98"
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4567/088!"#/09

❑ 𝑝 𝜇 𝐷 µ,ÿ(�çÕ��@ABC𝑝(𝑥|𝜔, 𝐷)(É�f
𝑝(𝑥|𝐷)

𝑝(𝑥|𝐷) = S𝑝(𝑥|𝜇)𝑝(𝜇|𝐷)𝑑𝜇

/1�xf/óô1¶=
𝑝(𝑥|𝐷)~𝑁(𝜇3, 𝜎0 + 𝜎30)

U01à�ÐÑ23,ÿ5%>?@ABC𝑝(𝑥|𝜔!, 𝐷!){

❑ 4õµÿ4𝑝(𝑥|𝜔!, 𝐷!)5𝑃(𝜔!)F6�MNO7á(8,ÿ
MNO1%PQ=
𝜔∗ = argmax

)$
𝑃(𝜔!|𝑥, 𝐷) ≡ argmax

)$
𝑝(𝑥|𝜔!, 𝐷!)𝑃(𝜔!)
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4567/088!"#/09

❑ MNO�E��5/9Í:="��8;�Z¨©@AB
C< �Eb5DE=álF¿Ö5Ë®!"[>q

�?@ABCDEp(x | q)5=áµ©(��E89q<@i<
¨©A

B?CZ�E89q5©D[\$µ©5WL1¶p(q)ÖA
E?¿FCZ�E89q5GH[\$2345«¬­®D =
{x1, x2, …, xn}ÖF

õl5Ë®cd�=

�?�ICZq5KL@ABC𝑝(𝛉|𝐷) = +(;|𝛉)+(𝛉)
∫ +(;|𝛉)+(𝛉)4𝛉

(¿Ö

JZ­®KL5ÛÜM!"(𝑝(𝐷|𝛉) = ∏2"#
3 𝑝(𝐱2|𝛉)A

B?�IN�­®𝐱5@ABC𝑝(𝐱|𝐷)F
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4567/08812+,3

❑ ÎÏNsP3���uÐp{|B«!jkmn�b:

❑ uÐp{|*RÑvw%

± ��Ò(*ÓcxyÔÕ]^/�²%

❖�ZÖ×ØÙ%uÐÚÛ�Ü+Ý,Þ
± uÐßàáâã/�²%

❖äåuÐBâæçèéêë¥ãìíîÓcuÐ

❑ ��ïð%

± {|*~���.D = {x1, ..., xn}ñòóRô�bjkcÅõ
± ö&Óc@Aßà/'÷�cø/º��Ú01'xk = {xkg, 
xkb}/01@Aùúûüý¥ûþý�ßà¤ÿÓcõ
± !"/º~�.D­ûüý¥ûþý@Ac'DgIDbÿ+.×/
ËÓ*@A.×#'D = Dg ∪ Db:

25



4567/08812+,3

❑ æ�ÕØ.0���Eb1¶5­®xkÎ Rd

❑ $.ÚxkÖ(O1PCQp(©RQp5ST

❑ wU��@A1¶5�EV

❑ wUWXQp5EHV

• 23456789:;<
=>?@ABCDEFGHI
FJHKLMN7O(P
QRSMNTUVWXY
Z7[\]

=>?EWXYZ7[\^
_O(PQ@A`abc
dO(KLMNe

• ^fghi`aEjklm
no'pqrPstunv
wx7yz{Ye

p(y|z,q)

p(z|y,q)

y

z

y missing

z missing

p(y,z|q)
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4567/08812+,3

❑ $%&Ï4�uÐp{|*vw9«!Ns¸¹mn�b:ö
²$%Ç'(à*uÐ/$%)3�*+NsP>u¸¹�u
(g = ,Ç, b = ßà)%

𝐿12(𝛉) =.
/

ln 𝑝 (𝐱/3, 𝐱/4|𝛉)

❑ -.*\/$%zpÇ'ßà*uÐDb/$%4/*04\N
sPûüýuÐDg*>u¸¹%

𝐿1(𝛉) = ln 𝑝 (𝐷1|𝛉) =.
/

ln 𝑝 (𝐱/1|𝛉)

=.
/

ln2𝑝(𝐱/2, 𝐱/1|𝛉)𝑑𝐱/2

❑ p�1+2c*>u��3$%*_P��4ñ56:

❑ ¿7§Õ%5�R289:;/½¿<=_P*(θ1, θ2, ...)

27



4567/08812+,3

❑ fÉb)Ó(¥p(∙|θi)�fpi(∙)
❑ YZ&E:;5)Óá=

𝐿>(𝛉?) = ln 𝑝? (𝐷>) = S𝑝?(𝐷@|𝐷>) ln 𝑝? (𝐷>)𝑑𝐷@

= S𝑝?(𝐷@|𝐷>) ln 𝑝?(𝐷>)
𝑝?(𝐷@|𝐷>)
𝑝?(𝐷@|𝐷>)

𝑑𝐷@

= S𝑝?(𝐷@|𝐷>) ln 𝑝? (𝐷@, 𝐷>)𝑑𝐷@

−S𝑝?(𝐷@|𝐷>) ln 𝑝? (𝐷@|𝐷>)𝑑𝐷@ ≡ 𝑄(𝛉?; 𝛉?) + 𝐻(𝛉?)

28



4567/08812+,3

❑ ,¸>Ã

𝐿1(𝛉!) = ln 𝑝! (𝐷1) = ln2𝑝!(𝐷2, 𝐷1)𝑑𝐷2

= ln2
𝑝!(𝐷2, 𝐷1)
𝑝!,$(𝐷2|𝐷1)

𝑝!,$(𝐷2|𝐷1)𝑑𝐷2

❑ ?�Jensenp@�%²a∫𝑎(𝑥)𝑑𝑥 = 1 , 𝑎 𝑥 ≥ 0/#
ln ∫ 𝑎 𝑥 𝑔 𝑥 𝑑𝑥 ≥ ∫𝑎 𝑥 ln 𝑔 𝑥 𝑑𝑥
3^%
𝐿1(𝛉!)
≥ 2𝑝!,$(𝐷2|𝐷1) ln 𝑝! (𝐷1, 𝐷2)𝑑𝐷2

−2𝑝!,$(𝐷2|𝐷1) ln 𝑝!,$ (𝐷2|𝐷1)𝑑𝐷2 ≡ 𝑄(𝛉!; 𝛉!,$) + 𝐻(𝛉!,$)

29



4567/08812+,3

❑ [buä=

𝐿> 𝛉?&# = 𝑄 𝛉?&#; 𝛉?&# +𝐻 𝛉?&#

≤ ⇐ ↓ maximize
𝐿>(𝛉?) ≥ 𝑄(𝛉?; 𝛉?&#) + 𝐻(𝛉?&#)

❑ Ù)¾(wxÐÑ&θi`�bQ(θi; θi-1)(Q:;DE\�
Â]

❑ ^K($_`abl(ÐÑcde`�bíçDE5θi

𝑄 𝛉?; 𝛉?&# = S𝑝 𝐷@ 𝐷>; 𝛉?&# ln 𝑝 𝐷>, 𝐷@ 𝛉? 𝑑𝐷@

fè�`�bg´:;DE&E5h3𝑄(𝛉?; 𝛉?&#)(¿Ö
5h3�i�Wñ���Eç5>?1¶Õ�I5F

𝛉𝛉!

𝐿"(𝛉!#$)

𝐿"(𝛉!)

𝛉!#$

𝑄(𝛉; 𝛉!) + 𝐻(𝛉!)

𝑄(𝛉; 𝛉!#$) + 𝐻(𝛉!#$)

30



4567/08812+,3

❑ h3`�bI�

W-XY!P#Z[\]!^_`'
abT.*

cdefgh'_`i5𝛉+jh7k
Qla“M步”，]mI6!^'𝛉$H
n.opE𝛉$7qrst𝑄 𝛉(; 𝛉$ !
u'v𝛉(Hwabxyz{7|m
𝑄 𝛉!; 𝛉!,$ }~��PG�H

31



❑ 𝑄 𝛉; 𝛉! =
∫𝑝(𝐷2|𝐷1, 𝛉!) ln 𝑝 (𝐷1, 𝐷2|𝛉)𝑑𝐷2 = 𝐸5! ln 𝑝 (𝐷1, 𝐷2|𝛉)

❑ �t��8cÅ'�%

𝐸5! ln 𝑝 (𝐷1, 𝐷2|𝛉) =.
/

𝐸𝐱"! ln 𝑝 (𝐱/1, 𝐱/2|𝛍, 𝚺)

❑ 𝛍*ÁAB#%
𝜕
𝜕𝛍

𝐸5! ln 𝑝 (𝐷1, 𝐷2|𝛉)

= .
/#$

0

𝐸𝐱"!
𝜕
𝜕𝛍 𝐶7 −

1
2 (𝐱/ − 𝛍)

+𝚺,$(𝐱/ − 𝛍)

= .
/#$

0

𝐸𝐱"# 𝚺
,$(𝐱/ − 𝛍) = 𝟎

⇒ 𝛍 =
1
𝑛
.
/#$

0

𝐸𝐱"# 𝐱/ =
1
𝑛
.
/#$

0 𝐱/3
𝐸𝐱"#[𝐱/4]

4567/08812+,3
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❑ 𝚺5ÈjvQ8%:,ÿF

❑ `k𝛍5𝚺5Èjuäf=

𝛍?9# =
1
𝑛
.
2"#

3 𝐱2>
𝐸 𝐱2@

𝚺?9# =
1
𝑛
.
2"#

3 𝐱2>𝐱2>5 𝐱2>𝐸 𝐱2@ 5

𝐸 𝐱2@ 𝐱2>5 𝐸 𝐱2@𝐱2@5
− 𝛍?9# 𝛍?9# 5

4567/08812+,3
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!9#$%:4578

❑:;<=>?@9
❑𝐾%AB/09
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CDEF9

❑ lm5�Eb@ABCDE�Ên5U< Ê/5oO`�
<X(gpq01cdrsqn5@ABCF

❑ t�E��u�Zvw1¶(g¢¹º!"BC=áµ©F

❑  ��t�E��=
xx��p(x|wj )
xxy�z�KL@AP(wj | x)

35



CDEF988:;<=>?@9

❑ Ë®éê=

"BCDEf𝑝(𝐱)(Q89𝐱{$||𝑅Ö5@Af=

𝑃 = S
A

𝑝(𝐱′)𝑑𝐱′

𝑃�BCDE𝑝(𝐱)5}~U�}!X�®F

!"­®�af𝑛FQ¿Ö𝑘Ò�{$𝑅Ö5@Afq
𝑃2(𝑃) =

𝑛
𝑘 𝑃2(1 − 𝑃)3&2

𝑘5h3<f=
𝐸 𝑘 = 𝑛𝑃
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CDEF988:;<=>?@9

❑ 𝑃5`�:;��=
i𝑃 = argmax

'
𝑃2(𝑃) =

𝑘
𝑛

~||𝑅�al(8�fBC$𝑅Ö�:!�(+g=

𝑃 = S
A

𝑝(𝐱′)𝑑𝐱′ ≈ 𝑝(𝐱)𝑉,

¿Ö𝐱f𝑅Ö5/Ò�(𝑉�||𝑅¡[\5@/F
�à8ÿ=

𝑝(𝐱) ≈
𝑘/𝑛
𝑉

❑ ÃÄ>?=𝑘/(𝑛𝑉)�𝑝(𝐱)5�L}!<(\ ~𝑉��Z
�l(�ÿ4P¯5𝑝(𝐱)F
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CDEF988:;<=>?@9

❑ ��Õ�(«¬­®5ÒE^� �5

¤ ¢�vw�a𝑉
¤ º�p𝑘/𝑛5/�¸k

❑ �t��=f���𝐱�5@A(��[\𝐱5||��=
𝑅#, 𝑅0, �(ç,&;�½Â�5­®Á9
¤ "𝑉3f||𝑅35@/(𝑘3f{$|L𝑅3Ö5­®ÒE(
𝑝3(𝐱))*&𝑝(𝐱)5+𝑛`��q

𝑝3(𝐱) = 𝑘3/𝑛 /𝑉3
❑ 𝑝3(𝐱)ÃÄ4𝑝(𝐱)5�Ò>?=

1) lim
3→C

𝑉3 = 0
2) lim

3→C
𝑘3 = ∞

3) lim
3→C

𝑘3/𝑛 = 0
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CDEF988:;<=>?@9

❑ ��,ÿ||��5��=

� +.Ò��||���%:𝑉3 = 1/ 𝑛5v� a¿@
/(Ùè��¡¢£¤¥¦§����A

¨ N�𝑘3f𝑛5.ÒDE(�w𝑘3 = 𝑛A 𝑉3+𝐱��Â
©y4[ª𝐱5𝑘3�«(Ù��𝑘3`�«����F
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CDEF988:;<=>?@9
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CDEF988:;<=>?@9

❑ �6����𝑅*?ef𝑑�����
𝑉* = ℎ*-7@Aℎ*G𝑅*'��

❑ �𝜑 𝐮 Ge�45*𝜑 𝐮 = B1 𝑢" ≤ $
( 𝑗 = 1, . . . , 𝑑

0 @�
⇒UT=𝐱!���𝐱GA����G𝑉*'�����7𝜑F
G

𝐱 − 𝐱! /
ℎ* = 17�Uw����H
⇒���𝐱GA����G𝑉*'�������5G

𝑘* =7
!#$

*

𝜑
𝐱 − 𝐱!
ℎ*

❑ ��tmT.� *

𝑝* 𝐱 =
1
𝑛
7
!#$

*
1
𝑉*
𝜑

𝐱 − 𝐱!
ℎ*

¡�G45𝜑 ⋅ �¢𝐱!¡£v'¤¥H¦𝜑 ⋅ ��G§e¨'45H
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CDEF988:;<=>?@9

❑ ¡¢£¤¥¦§�;�*�/=𝑝 𝑥 ∼ 𝑁 0,1
}

𝜑(𝑢) =
1
2𝜋

exp −𝑢0/2

ℎ3 = ℎ#/ 𝑛 (𝑛 > 1)( ℎ#J¬f­W"�
Q

𝑝3(𝑥) =
1
𝑛
.
?"#

3
1
ℎ3

𝜑
𝑥 − 𝑥?
ℎ3

01à�í­®𝑥?fÖ®5𝑛Òóô@ABCDE!<F
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CDEF988:;<=>?@9

❑ E<�x

~𝑛 = 1¯ℎ# = 1l(

𝑝#(𝑥) = 𝜑(𝑥 − 𝑥#) =
1
2𝜋

exp −(𝑥 − 𝑥#)0/2 → 𝑁(𝑥#, 1)

~𝑛 = 10¯ℎ# = 0.1l(8°±23²­®³´F

𝑝0(𝑥) =
1
𝑛
.
!#$

0
1
ℎ0

𝜑
𝑥 − 𝑥!
ℎ0
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CDEF988:;<=>?@9

44



CDEF988:;<=>?@9
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❑ ¡¢£¤¥¦§�;�*�]=𝑝 𝑥 = 𝜆#𝑈 𝑎, 𝑏 + 𝜆0𝑇(𝑐, 𝑑)(¿
Ö𝑈 𝑎, 𝑏 f 𝑎, 𝑏 KL5!�1¶( 𝑇(𝑐, 𝑑)f(𝑐, 𝑑)KL5
�µ=1¶F

CDEF988:;<=>?@9
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CDEF988:;<=>?@9
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CDEF988:;<=>?@9

❑ �©ª«¬­®�[A7¯�°()'±²³´𝐱7µ¶·� ¢)�w¸¹
'L&º»7�¼-!PQRL&½E@)FH

❑ w�[¾¿'DF�Àm�45ÁÂ'ÃÄH
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❑ �t¨©5�`°�§¶DEcd=

¤ ¥𝑉3"Tf«¬­®5DEF<@g·(í𝐱fÖ®¸¹
𝑅3(y4º,𝑘3Ò­®(¿Ö𝑘3�𝑛56�DEA
¤ ÙÚ­®âåf�𝐱5𝑘3�«F

❑ »¼��8�5ïð=

o 𝐱½�BC¾(Q𝑉3a(1¿A¾
o 𝐱½�BCs(Q𝑉3�(< }~ÀÁ5Åx

❑ ÐÑ8í�ª"T𝑘3 = 𝑘# 𝑛ýÂÃ¢£5𝑘#i<gÿ4
/Ä�5���xF

CDEF988𝐾%AB/09
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𝑥$ 𝑥$

CDEF988𝐾%AB/09
❑ CÅ*�e�Æ´GÅ7+𝑛 = 1¦𝑘* = 𝑛 =Ç67º»� G*

𝑝* 𝑥 =
𝑘*/𝑛
𝑉*

=
1
𝑉$
=

1
2 𝑥 − 𝑥$
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CDEF988𝐾%AB/09
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❑ KL@A5��=+𝑛ÒÅ%,­®Ö��𝑃(𝜔?|𝐱)
¤ »¼/Òí𝐱fÖ®Æ@/f𝑉5||(¿Ö[\𝑘Ò­
®FÙÚ­®Ö 𝑘?Ò%ef𝜔?FQ�: =

𝑝3 𝐱, 𝜔? =
𝑘?/𝑛
𝑉

&KL@A5��Qf=

𝑝3(𝜔?|𝐱) =
𝑝3(𝐱, 𝜔?)

∑!"#$ 𝑝3(𝐱, 𝜔!)
=
𝑘?
𝑘

❑ wx𝑘�g𝑉a(Q1%M�¥��`°F

CDEF988𝐾%AB/09
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❑ `�«1%=
"Dn = {x1, x2, …, xn}f/Çµ,�%e5«¬­®Fwx
¿Ö50De5ÈÉ­®𝐱`�5«¬­®f𝐱′ ∈ 𝐷3(Q
¥𝐱′5%,Êæ𝐱F

❑ `�«vQßË5ÌÍA�Z`aÌÍAyRMNOÌÍ
A{F

❑ $ )�«¬­®5ïðç(`�«1%5ÌÍA¢�Î
ªMNO1%ÌÍA5�ÏF

CDEF988𝐾%AB/09

53



CDEF988𝐾%AB/09
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❑ `�«1%5ÌÍA𝑃="𝑃∗fMNOÌÍA(Q
𝑃∗≤ 𝑃 ≤ 𝑃∗(2 − $

$&#
𝑃∗)

CDEF988𝐾%AB/09
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❑ 𝑘��«1%vQ=¥ÈÉ­®𝐱1%f5Ð`��5𝑘Ò�
«ÖÑÒ`q5%eF

CDEF988𝐾%AB/09
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❑ 𝑘��«1%5ÌÍAÓ=~𝑘Â]l(ÌÍAàÓ¥�Ôz
�çÓxxMNOÌÍAF~ 𝑘�Z)Õ�l(àçÓY´(
õl𝑘��«1%vQè²f`[1%vQF

CDEF988𝐾%AB/09

𝑘 =
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