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1 What Do You Learn from This Note

Learn the minimal set for describing a vector space. This also helps
understand the solution set of a linear system

Basic concept: linear independence(Zk 4 Jl5r)

2 Linear Independence (£t $i5r)

Let S be a set of vectors, then W = Span{S} is the set (or subspace (¥
“¥[A]) introduced later) spanned by S. An interesting question is whether S
is a minimal set for describing the set W (— MR 1) M BE, S IKEK
BAEEW I Fe /N E4E). Here, S is a minimal set for describing W means
for any proper subset (E.74E) S’ of S (i.e. S C S), Span{S'} is also a
proper subset of W).

Example: Let €1 = ((1)), €y = (2) and ¥ = (1) Then it is easy

to see that Span{é, é», v} = Span{eéy, &} = R%. So the set {€}, &, v} is not
minimal. However, {€}, €} is minimal since R? can not be spanned by any
one of {€1}, {€>} and () which are all the proper subsets of {€},€5}.



DEFINITION 1 (linear independence). Vectors o, ..., %, (or set of vectors
{¥1,...,0,}) are said to be linearly independent (Z&4:M157) if and only if
(iff, >4 HAY)

01171+...+Cn17n20

implies
co=+-=¢,=0.
Remarks:
1. Vectors v1,...,v, are said to be linearly dependent if they are not
linearly independent.
2. If one of 1, ..., 1, is zero, then vy, ..., v, are linearly dependent. To see

this, with loss of generality, we may let #; = 0. Then
1-04+0-%+...40-7, =0,

namely vy, ..., v, are linearly dependent.
3. From the perspective of equations, vectors vy, ..., v, are linearly indepen-
dent iff (0,...,0) is the only solution of the vector equation

iff 0 is the only solution of the matrix equation
(0y -+ T,)@=0.

So whether vectors vy, ..., 9, are linearly independent can be determined by
solving matrix equation.

Examples: Textbook P.65, P.66(#1}).

THEOREM 2. The columns of a matric A = (dy,ds, -+ ,d,) are linearly in-
dependent if and only if the equation AT = 0 has only the trivial solution (*F

FUE, i.e. ZHERIE))

Proof: Exercise.



3 Analysis of Linear Independence

The next theorem answers the question of minimal spanning set posted
at the beginning, which gives a characterization of linearly dependent set.

THEOREM 3. Vectors vy, ...,1, are linearly dependent iff for some i =
1,...,n, v; € Span{#y,...,Vi_1, Uit1,..., Uy}, in other words, 7; is a linear
combination of v, ..., U;_1,Ujsi1, ..., Up.

Proof. Suppose that v1, ..., 9, are linearly dependent. By definition, vector
equation

has a non—zero solution (cy,. .., ¢c,). Let ¢ be such that ¢; # 0. Then we have
61771+' R I '+Cn77n — 6, which gjves 17@ = (—%) 771+. . ,+<_Ci71> 171'71_’_

Cq

Cit1 — c — . — — — — —
(_ i ) Uig1 + -+ (—C—?) Up, 1.€. V; € Span{vl, ey Vi1, U541, - - - ,'Un}.

Cq

Conversely, suppose that for some i = 1,...,n, we have
U; € Span{uy, ..., Ui_1, Uit1, ..., Un}.
Then v; = 1)+« ~4+¢;_1U;_1+Ci1U;i 1+ - -+, Uy for some ey, ..., ¢1, Ciq,y - - -

R. Thus we have
01171 + -+ Ci_ﬂ?i_l + (-1)17@ + CZ'_|_1171'+1 + -+ Cnﬁ)n = 6,

which implies that ¢y, ..., 7, are linearly dependent. O]

So by this theorem, we have S is a minimal set spanning Span{S} iff S is
a linearly independent set, or equivalently, S is not a minimal set spanning
Span{S} iff S is linearly dependent, which answer the question at the begin-
ning.

The next theorem tells you that the number of elements of a linearly in-
dependent set of R™ can not be larger than m.



THEOREM 4. Vectors vy, ...,7, € R™ are linearly dependent if n > m.

Proof. Let us consider the matrix equation (v; --- ¥,)x = 0. The augmented
matrix of this equation is (; --- @, 0), which is a m x (n+ 1) matrix. Since
n > m means the number of variables is larger than the number of equations,
by the previous discussion on solution set of system of linearly equations,
this matrix equation has infinite many solutions. So vy, ..., v, are linearly
dependent. O




